Abstract. Statistical prediction analysis plays an important role in a wide range of fields. Examples include engineering systems, design of experiments, etc. In this paper, based on progressively Type-II right censored data, Bayesian two-sample point and interval predictors are developed under both informative and non-informative priors. By assuming a generalized exponential model, prediction bounds as well as Bayes point predictors are obtained under the squared error loss (SEL) and the Linear-Exponential (LINEX) loss functions for the order statistic in a future progressively Type-II censored sample with an arbitrary progressive censoring scheme. The derived results may be used for prediction of total time on test in lifetime experiments. In addition to numerical method, Gibbs sampling procedure (as Markov Chain Monte Carlo method) are used to assess approximate prediction bounds and Bayes point predictors under the SEL and LINEX loss functions. The performance of the proposed prediction procedures are also demonstrated via a Monte Carlo simulation study and an illustrative example, for each method.
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Introduction
Problem of prediction for a future random variable or future observations on the basis of the past and present information is valuable in the analysis of the lifetime data sets. Prediction of unobserved failure times or censored data is of interest in many fields such as medical sciences and reliability analysis. Generally, prediction problems are divided into two categories called one-sample and two-sample problems. In one-sample problem, the random variable which we wish to predict, say Y , and the available data, say X, are dependent. On the other hand, in a two-sample problem, X and Y are independent but the corresponding distribution functions have some shared parameters. For a greater details, see Aitchison and Dunsmore (1975) .
Based on complete random sample, prediction problems have been discussed in the literature; see, Aitchison and Dunsmore (1975) ; Geisser (1993) and the references therein. Censoring arises when due to some restrictions such as cost and time, experiments often terminated before all units on the test have failed. There are many types of censoring such as Type-II right censoring, doubly Type-II censoring, random censoring and progressive Type-II right censoring.
On the basis of the progressively Type-II censored data, many authors developed statistical inference and prediction for future observations (failure times). For example, Cohen (1963) and Cohen and Norgaard (1977) studied statistical inference for several failure time distributions based on progressively Type-II censored data. Also, see Mann (1969 Mann ( , 1971 , Thomas and Wilson (1972) , Cacciari and Montanari (1987) , Viveros and Balakrishnan (1994) . Also, Balakrishnan et al. (2001) computed bounds for means and variances of progressively Type-II censored order statistics. Fernandez (2000) considered Bayesian prediction for independent future sample arising from the Rayleigh distribution based on Type-II double censoring. Ali Mousa and Jaheen (2002) considered the two-parameter Burr Type-XII model for obtaining the Bayesian prediction in a two-sample problem on the basis of progressively censored data. In addition, Ali Mousa and AL-Sagheer (2005) derived Bayesian two-sample prediction bounds with progressively Type-II censored data coming from the Rayleigh model. Kundu and Howlader (2010) presented Bayesian prediction for the inverse Weibull distribution under Type-II censoring scheme.
This paper deals with two-sample prediction problem on the basis of progressively Type-II censored data. Here, a description on progressive Type-II censoring due to Balakrishnan and Aggarwala (2000) is provided.
Suppose that we have n identical units for a lifetime test. For 1 ⩽ m < n, R 1 , R 2 , . . . , R m all are prefixed integers such that R 1 + R 2 + · · · + R m + m = n. At the first failure time x 1:m:n , we randomly withdraw R 1 items from the remaining n − 1 units. Then immediately after the second observed failure time x 2:m:n , R 2 items are randomly selected and withdrawn from the remaining n − 2 − R 1 units at random, and so on. The experiment continues when the mth failure time x m:m:n occurs and the remaining items, . Note that for R 1 = R 2 = · · · = R m−1 = 0 and R m = n − m, the progressively Type-II censored data reduces to the usual Type-II censored data.
The GE Distribution
The two-parameter generalized exponential distribution (GE) has been proposed by Gupta and Kundu (1999) as the most effective model (up to that time) to analyze many skewed lifetime data instead of some well-known lifetime models such as the gamma and Weibull distributions. The GE distribution is a flexible lifetime model that includes increasing hazard rate and decreasing hazard rate in addition to the constant hazard rate case corresponding to the exponential distribution. Raqab and Ahsanullah (2001) considered the estimation of the location and scale parameters of the GE model based on the usual order statistics; i.e. a progressively Type-II censored data with R 1 = R 2 = · · · = R m−1 = R m so that m = n. Raqab and Madi (2005) studied the Bayesian estimation and prediction for the GE model using importance sampling techniques. Madi and Raqab (2007) obtained Bayesian prediction of rainfall records based on the GE distribution. Also, Alamm et al. (2007) derived Bayesian prediction bounds for future order statistics obtained from a random sample with the one-parameter GE distribution on the basis of the observed ordered data. Madi and Raqab (2009) considered the problem of Bayesian estimation of the parameters as well as Bayesian prediction of the unobserved failure times censored in multiple stages in the progressively censored sample from the GE distribution (Bayesian one-sample prediction) using the Gibbs and Metropolis samplers. Also, see Kundu and Gupta (2008) ; Mitra and Kundu (2008) ; Kundu and Pradhan (2009a,b) ; Pradhan and Kundu (2009) and the references therein. Recently, Kim and Han (2015) considered the problem of maximum likelihood and Bayes estimation of the GE parameters as well as predicting an independent future order statistics from the GE distribution based on progressively first failure censored samples.
Notice that Ghafoori et al. (2011) considered Bayesian two-sample prediction bounds as well as Bayes predictive estimations for a future progressively Type-II censored sample in a general form of lifetime models, which proposed by AL-Hussaini (1999) including the Weibull and Pareto models, under the symmetric SEL function. Also, it is important to state that in the mentioned paper, the problem of Bayesian two-sample prediction carried out in AL-Hussaini family models under progressively Type-II censored samples. But this paper is devoted to Bayesian two-sample prediction, under SEL and LINEX loss functions, in the GE model which does not belong to the AL-Hussaini's family, based on progressive Type-II censoring schemes.
A random variable X is said to have the two-parameter GE distribution, denoted by GE(α, λ), if the probability distribution (pdf), the cumulative distribution (cdf) and the hazard functions (hf) are in the following forms, respectively:
and
where α and λ are the shape and the scale parameters, respectively. For α > 1, α = 1 and α < 1, the hf in the Equation (2) is increasing, constant and decreasing, respectively. In this paper and in Section 2, we develop Bayesian prediction bounds as well as Bayes point predictors under the SEL and LINEX loss functions, for the two-parameter GE model based on a progressively Type-II censored data. Two methods including numerical and Markov Chain Monte Carlo (MCMC) techniques under informative and non-informative priors are used in Sections 2 and 3, respectively. In addition, Section 4 is organized to assess the performance of the procedures obtained under informative and non-informative priors, by a Monte Carlo simulation study and an illustrative example for each method.
Some Theoretical Results
As described in the introduction, suppose that we observed a progressively Type-II censored sample with scheme (R 1 , R 2 , . . . , R m ) and denoted by x = (x 1 , x 2 , . . . , x m ). The joint likelihood function of the sample is (see, Balakrishnan and Aggarwala (2000), p. 8)
Following Ali Mousa and AL-Sagheer (2005) , assume that Y
is another (unobserved) independent progressively Type-II right censored ordered statistics of size M from a sample of size N with the progressive censoring scheme (S 1 , S 2 , . . . , S M ). The first sample is considered as "informative" (past) sample, whereas the second sample is the "future" sample. Briefly, we denote Y 
Predictive Density Function
Under the GE(α, λ) model, the pdf of Y s , 1 ⩽ s ⩽ M , is (see Balakrishnan and Aggarwala (2000) , p. 26)
where
and a 1 = 1 for s = 1. The Bayes predictive pdf is defined as (Aitchison and Dunsmore (1975) 
where h(y s |θ) and π(θ|x) are the pdf and posterior density function, respectively. Hereafter, both parameters α and λ are assumed to be unknown, we discuss the Bayesian point and interval prediction of Y s separately in three cases of priors for α and λ:
Case I: α and λ have independent gamma prior distributions Assume that α and λ are independent and follow the gamma (informative) prior densities (see, Kundu and Pradhan (2009b) ) as
i.e. α ∼ Γ(a, b) and λ ∼ Γ(c, d), where all the hyperparameters a, b, c and d are known and nonnegative constants. It may be mentioned that for known λ, π 1 (α) in the Equation (6) is a conjugate prior on α. If both parameters are unknown, the joint conjugate priors do not exist. But because of flexibility of gamma distributions which includes the Jeffreys (non-informative) prior as a special case, we suggest the independent gamma priors on the scale and shape parameters (see also, Kundu and Pradhan (2009b) ). For Bayesian analysis of the gamma distribution, Son and Oh (2006) assumed the gamma prior on the scale parameter and independent non-informative prior on the shape parameter, which is a special case of the gamma distribution. So, from Equations (3), (6) and (7) the joint posterior density of the parameters α and λ becomes
where M is the normalizing constant and given by
By applying Equations (4) and (8), the Bayes predictive density function of
where γ i , C s−1 , a i and M are given by Equations (7) and (10), respectively.
Case II: λ has informative prior and α has non-informative prior Following Singh et al. (2008), we assume α and λ are independent as well as non-informative prior π 1 (α) ∝ α −1 , 0 < α < ∞, and the informative prior Γ(c, d), for the scale parameter λ. Then, the prior density for the parameters α and λ is
In this case, the joint posterior density of the parameters α and λ and the Bayes predictive density function of Y s is similar to Case I with a = b = 0.
Case III: α and λ have non-informative priors Here, we suppose that both parameters α and λ are independent and follow non-informative priors, i.e.
in Case I, the joint posterior density of the parameters and the Bayes predictive density function can be obtained.
Bayesian Prediction Bounds and Bayes Predictors
Bayesian prediction bounds for Y s , 1 ⩽ s ⩽ M , are obtained by evaluating P r(Y s ⩾ ε|x), for some positive value of ε. It turns out from the Equation (9) that
An equi.tail τ × 100% Bayesian prediction bounds for Y s is obtained numerically by solving the following non-linear equations: 
Proof. Note that by (10) and (11) the Bayes point predictor of
Now, from Equations
For Cases II and III in Subsection 2.1 by substituting a = b = 0 and a = b = c = d = 0, respectively, the lower and upper Bayesian predictive bounds and the Bayes point predictor of Y s are derived. The LINEX loss function with the shape and scale parameters τ and b 0 can be written as
which introduced by Varian (1975) . Properties of the LINEX loss function may be found in Zellner (1986) . Without loss of generality, we here assume
be the moment generating function of the posterior distribution of π(θ|X). Therefore, it is easy to see that the unique Bayes estimate of θ under the LINEX loss function in the Equation (13) is
provided that M θ|X (·) exists and is finite. Here, based on the Bayes predictive density function of Y s , 1 ⩽ s ⩽ M , in the Equation (9), the Bayes point predictor of Y s under the LINEX loss function becomes
It is worthwhile to mention that a numerical method could be applied to calculate the 95% Bayesian prediction bounds and Bayes point predictors under SEL and LINEX loss functions.
MCMC for Prediction Problems under Progressively Type-II Censored Data
In this section, we consider MCMC methods to generate samples from the posterior distributions and then, along with the importance sampling, compute Bayesian prediction bounds as well as Bayes point predictors under the SEL and LINEX loss functions based on a progressively Type-II censored data. A complete introduction and review of importance sampling as well as MCMC methods including Gibbs sampling and Metropolis-Hastings (MH) and related algorithms can be found in Chen and Shao (1999) ; Kundu and Howlader (2010) ; Soliman et al. (2011a) and Soliman et al. (2012) .
In addition, some useful tips and techniques for application of MCMC methods such as MH can be seen in Valiollahi et al. (2013) and Asgharzadeh et al. (2013) . Also, some chapters of Rizzo (2008) focus on introduction and implementation of Monte Carlo and MCMC methods based on R language.
The joint posterior density of the parameters α and λ in the Equation (8) can be rewritten as
or equivalently π(α, λ|x) ∝ g 1 (α|λ, x)g 2 (λ|x)h 1 (α, λ|x). Here, g 1 (α|λ, x) is the gamma pdf with the shape and scale parameters as (m + a) and
has the gamma pdf with the shape and scale parameters as (m + c) and
) (m+a) , is related to importance sampling. Since, it is so hard to compute Equations (10), (12) and (15) analytically, we suggest approximating them using the Gibbs and importance sampling techniques (Soliman et al. (2011b) ). g 1 (α|λ, x) and g 2 (λ|x) are the gamma pdfs and therefore, generating samples of α and λ is easy. In order to obtain Bayesian prediction bounds as well as Bayes point predictors under the SEL and LINEX loss functions based on Gibbs and importance sampling, we carry out the following algorithm based on Soliman et al. (2011a) :
Gibbs algorithm
(1) Set t = 1.
(2) Generate λ (t) from g 2 (·|data).
(3) Generate α (t) from g 1 (·|λ (t) , data).
(4) Obtain λ (t) and α (t) .
(5) Set t = t + 1.
(6) Repeat (2)-(6) N 1 times and obtain ((
On the other hand, the corresponding probability and survival function of
respectively. Suppose ((λ 1 , α 1 ), (λ 2 , α 2 ), . . . , (λ N 1 , α N 1 )) are MCMC samples obtained from π(α, λ|x) using the Gibbs sampling technique. Then, the corresponding Bayes predictive survival function of
and the simulation consistent estimator of G * (y s |x) is given by
where 
(9) Finally, an approximate Bayes point predictor of Y s under the LINEX loss function becomes
Empirical Results
In this section, the performances of the proposed procedures in Sections 2 and 3 are investigated by a Monte Carlo simulation study and an illustrative example for each method.
Simulation Study in Numerical Solution
In this subsection, the performances of the obtained Bayesian prediction bounds as well as Bayes point predictors proposed in Section 2 are carried out. The 95% Bayesian prediction bounds for Y s and Bayes point predictors of Y s under the SEL and LINEX loss functions are computed as follows:
(1) For given values of the parameters and the prior parameters (hyperparameters) a, b, c and d, according to an algorithm proposed by Balakrishnan and Sandhu (1995) , a progressively Type-II censored sample is generated.
(2) The 95% Bayesian prediction bounds for Y s and Bayes point predictors of Y s are obtained from Equations (10), (12) and (15) respectively, for different informative sample sizes, m = 15, 15, 15, 20, and s = 2, 6, 12 coming from the GE distribution.
(3) For 10 3 simulated independent future progressively Type-II samples of size N = 24 from the GE pdf, simulated coverage probabilities of prediction bounds for Y s are derived by using the statistical package R version 3.2.2.
(4) Steps 1-3 are repeated 10 3 times and reported the average Bayesian prediction bounds, the average Bayes point predictors, average widths (AWs), average of simulated Bayesian coverage probabilities (CPs) and a new criterion, we called PL, which is defined as CP AW (Salehi and Ahmadi, 2014) , for prediction intervals. (10) and (12) by the Equation (11), remained integrals can be computed by "integrate" and "area" functions in the statistical package R version 3.2.2, to provide the 95% Bayesian prediction bounds and Bayes point predictors.
Remark 2. After simplifying the integrals of Equations
Also, we performed the above algorithm for informative and non-informative priors described earlier. Table 1 displays three different cases of R i and S i 's for n = 30, 36, N = 24, m = 15, 15, 15, 20 and M = 12. In Case I, we consider a = 8, b = 2, c = 8 and d = 4 for the two-parameter GE model. Table 2 summarizes the results.
In Case II, we choose a = 0, b = 0, c = 8 and d = 4 for the two-parameter GE model. The results are given in Table 3 .
Finally, the results for Case III, where both parameters have non-informative priors, are presented in Table 4 .
One can see from Tables 2-4 that the simulated Bayesian coverage probabilities of Y s are close to the nominal level 95%. Also, choosing informative Table 3 . Bayes point predictors for Ys based on the SEL and LINEX loss functions, the 95% Bayesian prediction bounds, AWs, simulated Bayesian CPs and PL criterion, for the two-parameter GE, with α = 4, λ = 2 and τ = 2.
Non-informative prior for α and Gamma prior for λ Table 4 . Bayes point predictors for Ys based on the SEL and LINEX loss functions, the 95% Bayesian prediction bounds, AWs, simulated Bayesian CPs and PL criterion, for the two-parameter GE, with α = 4, λ = 2 and τ = 2.
Non-informative priors for α and λ priors for the scale and shape parameters (Table 2) decreases AWs and increases the PL criterion in comparison to Table 3 , slightly. Also, based on AW and PL, results of Table 3 , where only the shape parameter has noninformative prior, is better than results of Table 4 . In each scheme, we observe that the larger s has the longer AW and smaller PL criterion. It seems that this result is due to the positive skewness of GE distribution for α > 1.
Point prediction
In general, we came to conclusion that scheme 3 (Type-II censored data), in comparison to other schemes, has smaller AW and larger PL. Steps 1-9 of the algorithm described in Section 3 are repeated 10 3 times and reported the average Bayesian prediction bounds, the average Bayes point predictors, AWs, CPs and PLs for prediction intervals. In addition, here N 1 = 500 as Gibbs replications. We performed the Gibbs algorithm for informative and non-informative priors and three Cases that described before. Again, in the most schemes and for the most s, the simulated Bayesian coverage probabilities of Y s are approximately close to the nominal level 95%. Unfortunately, under a few schemes and s, we could not reach the nominal level 95%. In addition, the rest of results are similar to the numerical method (Tables  2-4) .
Simulation Study in MCMC Solution
In general, by comparing peer to peer Tables 2-7, we can conclude the numerical method has slightly better results, in termes of AW and PL criteria. But, we suggest MCMC method because of their ease of calculation.
An Illustrative Example
Here, a real data set is used for illustrating the proposed prediction bounds and the Bayes predictive predictor for the three cases of the priors in Subsec- Table 5 . Bayes point predictors for Ys based on the SEL and LINEX loss functions, the 95% Bayesian prediction bounds, AWs, simulated Bayesian CPs and PL criterion, for the two-parameter GE under MCMC, with α = 4, λ = 2 and τ = 2.
Gamma priors for α and λ
Point prediction
Interval Prediction Table 6 . Bayes point predictors for Ys based on the SEL and LINEX loss functions, the 95% Bayesian prediction bounds, AWs, simulated Bayesian CPs and PL criterion, for the two-parameter GE under MCMC, with α = 4, λ = 2 and τ = 2.
Non-informative prior for α and Gamma prior for λ 41.52, 42.12, 45.60, 48.80, 51.84, 51.96, 54.12, 55.56, 67.80, 68.64, 68.64, 68.88, 84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40. Gupta and Kundu (2001) observed that the two-parameter GE distribution is an adequate model for this data set; see, Kumar Dey and and Kundu and Gupta (2008) . In order to apply MCMC, data set divided by 30. For m = 11, R = ( (1) Numerical method: By considering informative priors, the 95% Bayesian prediction bounds and the Bayes point predictors under the SEL and the LINEX loss functions for Y 18 are obtained from Equations (10), (12) and (15) (2) MCMC method: Under MCMC, assuming informative priors, the approximate 95% Bayesian prediction bounds and Bayes point predictors under the SEL and the LINEX loss functions for Y 18 by N 1 = 500 Gibbs replications, based on Equations (20), (21) and (22) are (3.257, 9.530) (length=6.272), 5.870 and 4.308, respectively. Also, using non-informative prior π(α) ≡ α −1 , for the shape parameter α and informative prior Γ(15, 14) for the scale parameter λ, the approximate 95% Bayesian prediction bounds and the Bayes point predictors under the SEL and the LINEX loss functions for Y 18 are obtained as (4.295, 12.529) (length=8.234), 7.874 and 5.179, respectively. Finally, let non-informative priors (a = b = c = d = 0) for both parameters, the approximate 95% Bayesian prediction bounds and the Bayes point predictors under the SEL and the LINEX loss functions for Y 18 are given by (4.702, 14.573) (length=9.871), 8.894 and 5.522, respectively. Here, we observe that informative priors have an influence on the decreasing of prediction lengths.
Conclusions
In this paper, we have obtained the prediction bounds and Bayes point predictors for the sth order statistic, denoted by Y s , with a known arbitrary progressive censoring scheme from the second independent future sample, under the two-parameter GE model. The Bayes point predictors were derived under the SEL and the LINEX loss functions by an numerical method and MCMC techniques.
Empirical evidences from the Monte Carlo simulation show that the performance of the prediction method for some various censoring schemes under the informative and the non-informative priors for both methods. Also, in the Monte Carlo simulation study, we considered various values of the hyperparameters. The results of three cases of informative and non-informative priors, for each method, were compared in terms of AW and PL. Also, in most schemes, we have similar results, in terms of Aw and PL, between the numerical method and MCMC technique. In conclusion, we would prefer to use MCMC methods rather than apply the numerical method because of easy calculations.
The proposed procedures for the prediction problem may be considered for other censoring schemes and for some other lifetime distributions such as the Generalized Pareto distribution. Also, the results of this paper may be extended to other asymmetric loss functions involving the reflected normal loss function introduced by Spiring (1993) .
